Parameter-dependent robust stability of uncertain time-delay systems  by Gao, Huijun et al.
Journal of Computational and Applied Mathematics 206 (2007) 366–373
www.elsevier.com/locate/cam
Parameter-dependent robust stability of uncertain
time-delay systems
Huijun Gaoa, Peng Shia,b,∗, Junling Wangc
aSpace Control and Inertial Technology Research Center, Harbin Institute of Technology, Harbin 150001, China
bSchool of Technology, University of Glamorgan, Pontypridd, CF37 1DL, UK
cCollege of Nuclear Science and Technology, Harbin Engineering University, Nantong Street 145, Harbin 150001, China
Received 20 October 2004; received in revised form 6 June 2006
Abstract
This paper presents a new delay-dependent and parameter-dependent robust stability criterion for linear continuous-time systems
with polytopic parameter uncertainties and time-varying delay in the state. This criterion, expressed as a set of linear matrix
inequalities, requires no matrix variable to be ﬁxed for the entire uncertainty polytope, which produces a less conservative stability
test result. Numerical examples are given to show the effectiveness of the proposed techniques.
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1. Introduction
Time-delay systems, also called systems with after-effect or dead-time, hereditary systems, equations with deviating
argument or differential-difference equations, have been a popular and challenging research area for the last fewdecades.
The main reason is that many processes include after-effect phenomena in their inner dynamics, and engineers need
their models to behave more like the real process due to the ever-increasing expectations of dynamic performance. So
far, a great amount of effort has been devoted to the time-delay systems, and many interesting and important results
have been reported in the literature (see for instance, [1–3,8,10,12–15,17–20,22,24] and the references therein).
Stability of time-delay systems has been well recognized to be a fundamental problem due to its important role in
analysis and synthesis of such systems. The reported stability results can be generally divided into two categories:
delay-independent and delay-dependent conditions. Delay-independent stability condition does not take the delay size
into consideration, and thus is often conservative for systems with small delays. Therefore, in recent years, much
attention has been drawn to the development of delay-dependent stability conditions, and many important results have
been reported in the literature (see for example, [7,9,23] and the references therein). These stability conditions have
also been extended to time-delay systems with parameter uncertainties, either in norm-bounded or polytopic forms.
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For systems with time delay in the state and parameter uncertainties residing in a polytope, an advanced research
topic is to develop robust delay-dependent and parameter-dependent stability conditions. The notion of parameter-
dependence is introduced in order to overcome the conservativeness of the quadratic stability condition which requires
a ﬁxed Lyapunov function for the entire uncertain domain [5]. Many attempts have been made in the past few years
to realize the parameter-dependent idea for systems with polytopic uncertainties [16]. Very recently, the parameter-
dependent idea was further extended to time-delay systems, and some less conservative robust stability conditions
have been proposed [6,11,21]. It should be noted that the techniques used to realize the parameter-dependent idea for
time-delay systems in these papers are quite similar to that in [16]. That is, by introducing one or more additional
slack matrix variables (without any structural restriction), the product terms between the Lyapunov matrices (positive
matrices) and system matrices are eliminated, thus the Lyapunov matrices are allowed to be different for different
vertices of the polytope. However, it is worth noting that in such treatment, some of those additionally introduced slack
matrix variables are still required to be ﬁxed for different vertices of the polytope, which is a common feature in these
reported results [6,11,21].
In this paper, we present a new robust delay-dependent and parameter-dependent stability condition for time-delay
systems with polytopic uncertainties. The most signiﬁcant distinction of this stability condition from existing ones lies
in the fact that it does not require any matrix variable to be ﬁxed for different vertices of the polytope. In addition, it
is shown that the stability condition proposed in [11] is a special case of the one reported in this paper. Two numerical
examples are provided to illustrate the less conservativeness of our robust stability criterion.
Notations: The notation used throughout the paper is fairly standard. The superscript “T” stands for matrix transpo-
sition; Rn denotes the n-dimensional Euclidean space; the notation P > 0 means that P is real symmetric and positive
deﬁnite; I and 0 represent identity matrix and zero matrix. In symmetric block matrices or long matrix expressions,
we use an asterisk (∗) to represent a term that is induced by symmetry. Matrices, if their dimensions are not explicitly
stated, are assumed to be compatible for algebraic operations.
2. Main results
Consider the following continuous-time system  with a time-varying delay in the state:
 : x˙(t) = Ax(t) + Bx(t − d(t)),
x(t) = (t), t ∈ [−d¯, 0], (1)
where x(t) ∈ Rn is the state vector, and A, B represent uncertain system matrices belonging to a given convex
polytope R, in the following form
[A B] =
s∑
i=1
i[Ai Bi], (2)
where [1 2 · · · s]T denotes an uncertain vector satisfying
s∑
i=1
i = 1, i0 (3)
and appropriately dimensioned matrix [Ai Bi] denotes the ith vertex of the polytope R.
In this paper, two cases of time-varying delay d(t) will be considered
Case I:
0<d(t) d¯, d˙(t)< 1, (4)
Case II:
0<d(t) d¯, (5)
with d¯ and  being known positive constants. (t) is the initial condition on the segment [−d¯, 0].
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We are interested, in this paper, in the problem of robust stability of system  in (1) with parameter uncertainty
(2) and time-varying delay d(t) satisfying (4) or (5). The following theorem presents a new delay-dependent and
rate-dependent robust stability analysis result based on parameter-dependent Lyapunov functional for Case I.
Theorem 1 (Delay- and rate-dependent robust stability). System  in (1) with parameter uncertainty (2) and time-
varying delay d(t) satisfying (4) is robustly asymptotically stable if there exist matrices Pi > 0, Qi > 0, Mi > 0, Xi ,
Yi , Zi , Ri , Si , Ti and ij satisfying
ij +ij − ij − Tij < 0, 1 ijs, (6)

⎡
⎢⎢⎣
11 12 · · · 1s
∗ 22 · · · 2s
∗ ∗ . . . ...
∗ ∗ ∗ ss
⎤
⎥⎥⎦< 0, (7)
where
ij
⎡
⎢⎢⎢⎢⎣
Qi + Xi + XTi − RiAj − ATj RTi −Xi + Y Ti − RiBi − ATj STi
∗ −(1 − )Qi − Yi − Y Ti − SiBj − BTj STi
∗ ∗
∗ ∗
Pi + Ri + ZTi − ATj T Ti −Xi
Si − ZTi − BTj T Ti −Yi
d¯Mi + Ti + T Ti −Zi
∗ −d¯−1Mi
⎤
⎥⎥⎥⎥⎥⎦ . (8)
Proof. Deﬁne the following Lyapunov–Krasovskii functional
V (t, )xT(t)Px(t) +
∫ t
t−d(t)
xT(s)Qx(s) ds +
∫ 0
−d¯
∫ 0

x˙T(t + 	)Mx˙(t + 	) d	 d,
where
P
s∑
i=1
iPi, Q
s∑
i=1
iQi, M
s∑
i=1
iMi (9)
andPi > 0,Qi > 0,Mi > 0 arematrices to be determined. Then, along the solution of system in (1), the time derivative
of V (t, ) is given by
V˙t (t, ) = x˙T(t)Px(t) + xT(t)Px˙(t) + xT(t)Qx(t) − (1 − d˙(t))xT(t − d(t))Qx(t − d(t))
+ d¯x˙T(t)Mx˙(t) −
∫ t
t−d¯
x˙T(	)Mx˙(	) d	
 x˙T(t)Px(t) + xT(t)Px˙(t) + xT(t)Qx(t) − (1 − )xT(t − d(t))Qx(t − d(t))
+ d¯x˙T(t)Mx˙(t) −
∫ t
t−d(t)
x˙T(	)Mx˙(	) d	
= 1
d(t)
∫ t
t−d(t)

t (t, 	) d	, (10)
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where

 (t, 	)x˙T(t)Px(t) + xT(t)Px˙(t) + xT(t)Qx(t) − (1 − )xT(t − d(t))Qx(t − d(t))
+ d¯x˙T(t)Mx˙(t) − d(t)x˙T(	)Mx˙(	).
By Leibniz–Newton formula we have∫ t
t−d(t)
x˙(	) d	= x(t) − x(t − d(t)). (11)
Then, for any matrices
X
s∑
i=1
iXi, Y
s∑
i=1
iYi, Z
s∑
i=1
iZi , (12)
we obtain
1
1
d(t)
∫ t
t−d(t)
[xT(t) xT(t − d(t)) x˙T(t)]
[
X
Y
Z
]
[x(t) − x(t − d(t)) − d(t)x˙(	)] d	= 0. (13)
In addition, based on (1), for any matrices
R
s∑
i=1
iRi, S
s∑
i=1
iSi, T
s∑
i=1
i Ti (14)
one has
2
1
d(t)
∫ t
t−d(t)
[xT(t) xT(t − d(t)) x˙T(t)]
[
R
S
T
]
[x˙(t) − Ax(t) − Bx(t − d(t))] d	= 0. (15)
Adding 21 in (13) and 22 in (15) to (10) yields
V˙t (t, )
1
d(t)
∫ t
t−d(t)
T(t, 	)(t, 	) d	,
where
T(t, 	)[xT(t) xT(t − d(t)) x˙T(t) x˙T(	)],

⎡
⎢⎣
11 12 13 −d(t)X
∗ 22 23 −d(t)Y
∗ ∗ 33 −d(t)Z
∗ ∗ ∗ −d(t)M
⎤
⎥⎦ ,
11Q + X + XT − RA − ATRT ,
12− X + Y T − RB − ATST ,
22− (1 − )Q − Y − Y T − SB − BT ST ,
13P + R + ZT − ATT T ,
23S − ZT − BT T T ,
33d¯M + T + T T .
It is noted that if < 0, we have V˙t (t, )< − |x(t)|2, then according to the standard Lyapunov theory, system 
in (1) with parameter uncertainty (2) and time-varying delay d(t) satisfying (4) is robustly asymptotically stable for all
uncertain parameter . In the following we will prove that LMIs (6)–(7) guarantee < 0.
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Firstly, note that < 0 if

⎡
⎢⎣
11 12 13 −X
∗ 22 23 −Y
∗ ∗ 33 −Z
∗ ∗ ∗ −d¯−1M
⎤
⎥⎦< 0.
Now substitute P, Q, M deﬁned in (9), X, Y, Z deﬁned in (12) and R, S, T deﬁned in (14) into , and we
obtain
 =
s∑
j=1
s∑
i=1
ijij =
s∑
i=1
2iii +
s−1∑
i=1
s∑
j=i+1
ij (ij +ji), (16)
where ij is given in (8). Note that in the above calculation, for the linear term in , we can multiply it by
∑s
i=1 i
which equals to 1.
On the other hand, (6) is equivalent to
ii <ii , i = 1, . . . , s, (17)
ij +jiij + Tij , 1 i < js. (18)
Then, from (16)–(18) we have

s∑
i=1
2iii +
s−1∑
i=1
s∑
j=i+1
ij
(
ij + Tij
)
= T,
where [1I 2I · · · sI ]T and  is given in (7). Inequality (7) and (3) guarantee < 0, therefore we have
< 0, and the proof is completed. 
Remark 1. An important feature of Theorem 1 lies in the fact that no matrix variable is required to be ﬁxed for different
vertices of the polytope R, which constitutes the most signiﬁcant distinction from previous results on parameter-
dependent robust stability for time-delay systems with parameter uncertainty. This feature will enable us to obtain less
conservative stability test (see the next section).
Remark 2. It is worth mentioning that Theorem 1 encompasses Theorem 1 in [11] as a special case. That is, by
imposing additional constraints on the matrix variables, Theorem 1 will recover Theorem 1 in [11]. To this end, let us
set [
Ri
Si
Ti
]
≡
[
R
S
T
]
,  ≡ −I .
Then, for sufﬁciently small > 0, LMIs (6) and (7) are equivalent to⎡
⎢⎢⎢⎢⎣
Qi + Xi + XTi − RAi − ATi RT −Xi + Y Ti − RBi − ATi ST
∗ −(1 − )Qi − Yi − Y Ti − SBi − BTi ST
∗ ∗
∗ ∗
Pi + R + ZTi − ATi T T −Xi
S − ZTi − BTi T T −Yi
d¯Mi + T + T T −Zi
∗ −d¯−1Mi
⎤
⎥⎥⎥⎥⎦< 0, (i = 1, . . . , s),
which is exactly the condition (16) in Theorem 1 of [11].
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It is noted that the condition in Theorem 1 is both delay-dependent and rate-dependent. By following similar lines
as in the proof of Theorem 1, we can obtain a delay-dependent and rate-independent robust stability condition, as well
as a delay-independent robust stability condition, which are stated in the following corollaries.
Corollary 2 (Delay-dependent and rate-independent robust stability). System  in (1) with parameter uncertainty (2)
and time-varying delay d(t) satisfying (5) is robustly asymptotically stable if there exist matrices Pi > 0, Mi > 0, Xi ,
Yi , Zi , Ri , Si , Ti and ij satisfying (7) and
¯ij + ¯ij − ij − Tij < 0, 1 ijs,
where
¯ij
⎡
⎢⎢⎢⎢⎢⎣
Xi + XTi − RiAj − ATj RTi −Xi + Y Ti − RiBi − ATj STi Pi + Ri + ZTi − ATj T Ti −Xi
∗ −Yi − Y Ti − SiBj − BTj STi Si − ZTi − BTj T Ti −Yi
∗ ∗ d¯Mi + Ti + T Ti −Zi
∗ ∗ ∗ −d¯−1Mi
⎤
⎥⎥⎥⎥⎥⎦ .
Proof. Deﬁne the following Lyapunov–Krasovskii functional
V (t, )xT(t)Px(t) +
∫ 0
−d¯
∫ 0

x˙T(t + 	)Mx˙(t + 	) d	 d,
where P, M are deﬁned in (9). Then, the desired result can be obtained by using the same techniques as those in the
proof of Theorem 1. 
Corollary 3 (Delay-independent robust stability). System  in (1) with parameter uncertainty (2) and time-varying
delay d(t) satisfying (4) is robustly asymptotically stable if there exist matrices Pi > 0, Qi > 0, Ri , Si , Ti and ij
satisfying (7) and
ij +ji − ij − Tij < 0, 1 ijs,
where
ij =
⎡
⎢⎢⎣
Qi − ATj RTi − RiAj −ATj STi − RiBj Pi + Ri − ATj T Ti
∗ −(1 − )Qi − SiBj − BTj STi Si − BTj T Ti
∗ ∗ Ti + T Ti
⎤
⎥⎥⎦ .
Proof. By deﬁning the following Lyapunov–Krasovskii functional
V (t, )xT(t)Px(t) +
∫ t
t−d(t)
xT(s)Qx(s) ds,
the corollary can be proved by similar lines as in the proof of Theorem 1 and thus omitted. 
3. Illustrative example
In this section, we will provide two numerical examples to show the effectiveness and less conservativeness of
Theorem 1 than previous results.
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Table 1
Delay bounds by different approaches
 0 0.1 0.5 0.9 any 
By [4] 0.0853 – – – –
By [21] 0.4149 – – – –
By [6] 4.2423 3.3555 1.8088 0.9670 0.7963
By [11] 4.2501 3.3637 1.8261 1.0589 0.9090
By Theorem 1 4.2606 3.3743 1.8388 1.0721 0.9090
Example 1. Consider system  in (1) with the following matrices (borrowed from [21])
A1 =
[−0.2 0
0 −0.09
]
, A2 =
[−2 −1
0 −2
]
, A3 =
[−1.9 0
0 −1
]
,
B1 =
[−0.1 0
−0.1 −0.1
]
, B2 =
[
0 1
1 0
]
, B3 =
[−0.9 0
−1 −1.1
]
.
Our purpose is to determine the upper bound d¯ of delay d(t) for which the system is robustly asymptotically stable.
Several previous stability conditions have been applied to this system. For the constant delay case, that is =0, the upper
bound d¯ of delay d(t) has been found to be 0.0853 by [4], 0.4149 by [21], 4.2423 by [6], 4.2501 by [11]. According to
Theorem 1 in this paper, however, it is found that the system is robustly asymptotically stable for d¯ = 4.2606, which
shows that Theorem 1 yields less conservative stability test than previous related results for this example. To provide
relatively complete information, we calculate the upper bound d¯ for different time-varying cases, listed in Table 1.
To further illustrate the advantage of Theorem 1, let us consider another example.
Example 2. Consider system  in (1) with the following matrices
A1 =
[
4.15 3.0
−8.6 −4.2
]
, A2 =
[−12.1 2.3
−3.6 0.6
]
, A3 =
[ −6.1 4.7
−20.9 5.9
]
,
B1 =
[−0.1 0
−0.1 −0.1
]
, B2 =
[
0 1
1 0
]
, B3 =
[−0.9 0
−1 −1.1
]
.
It is noted that for this example, previous stability results [4,6,11,21] are not able to conclude robust stability even
for d¯ = 10−5. According to Theorem 1, however, we can demonstrate that this system is robustly stable for d¯ = 0.1233
(when = 0).
4. Conclusions
A new delay-dependent and parameter-dependent robust stability condition has been proposed for linear continuous-
time systems with polytopic parameter uncertainties and time-varying delay in the state. This criterion is expressed as
a set of linear matrix inequalities, which requires no matrix variable to be ﬁxed for different vertices of the uncertain
polytope. This feature, constituting themain distinction from previous results, has the potential to yield less conservative
stability test. Two numerical examples have been provided to illustrate the effectiveness and advantage of the proposed
condition over existing ones on this topic.
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